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Abstract. We investigate an extended spin ladder with diagonal frustrated exchanges in a wide parameter
regime. By representing the model as a sum of semidefinite positive projection operators, we prove that this
model has exactly a dimer ground state. Smoothly changing parameters may lead the model cover several
exactly known models. Starting from this ladder model, we proposed two two-dimensional net models with
exact ground states. The quantum phase transition of the ground state, due to the change of exchange
strengths along perpendicular rungs, is also discussed.

PACS. 75.10.Jm Quantized spin models

1 Introduction

Over the years, there has been extensive interest on quan-
tum spin systems with frustration. The interplay of quan-
tum fluctuation and frustration make low-dimensional
spin systems exhibit rich behaviors of magnetic proper-
ties. While many conventional techniques encounter con-
siderable difficulty in dealing with low dimensional cor-
related systems, and hence the exactly solved models
are especially important and play a role of touchstone.
Some famous examples, such as, the Heisenberg spin 1/2
chain model solved by Bethe ansatz [1], and the Affleck-
Kennedy-Lieb-Tasaki (AKLT) model with integer spin [2],
provide us a solid foundation for understanding properties
of one-dimensional quantum spin systems. More recently,
wide interest has been concentrated on spin ladder sys-
tems [3]. Some integrable spin ladder models were pro-
posed and solved by the Bethe ansatz method [4]. In prin-
cipal, one can construct a more complicated integrable
spin model basing upon the framework of quantum in-
verse scattering method [5], however, some unphysical spin
coupling terms maybe appear to preserve the integrabil-
ity [6]. Besides the Bethe ansatz method, the matrix prod-
uct (MP) method can also be used to construct the spin
model with exact ground state [7,8].

In general, the magnetic phases of a spin ladder sys-
tem are highly related to their geometric structures.
Strongly geometrical frustration allows simple dimer prod-
uct to be the exact ground state of the spin system. This
kind of dimerized ground state with a spin gap is es-
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pecially of interest for the recently discovered [9] com-
pound SrCu2(BO3)2 which could be well described by the
two-dimensional Shastry-Sutherland model [10,11]. Some
three-dimensional models with dimerized ground states
have also been investigated by several groups [12–14]. In
one dimension, evidence for the singlet-dimer ground state
in an S = 1 antiferromagnetic bond alternating chain was
also reported [15]. So far, a variety of one-dimensional
models with exact dimer ground states have been re-
ported [16–22]. One typical example is the Majumdar-
Ghosh (MG) model [16], whose ground state is two linearly
independent products of nearest-neighbor (NN) singlets.
Another example is the sawtooth (or ∆ chain) model [17]
whose ground state has the same form as that of the MG
model. In an early publication [18], we described an asym-
metric ladder model with different exchanges on legs to
connect the MG model and sawtooth model smoothly. Be-
sides these models, the spin ladder models with diagonal
exchanges which have exact dimer ground states were in-
vestigated by Gelfand [20] as well as Bose and Gayen [21].

Our aim in this paper is to investigate a more gen-
eral spin ladder model with different exchange integrals
on both legs and diagonal lines and obtain the exact
ground state of the system. Models listed above just cor-
respond to several special cases of our generalized model
and can be covered by continuously changing parameters.
Furthermore, basing upon the ladder model, we extend
the model to two dimension and construct several two-
dimensional net models. Quantum phase transitions from
dimer ground state to Haldane phase and ordered antifer-
romagnetic phase are also investigated.
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Fig. 1. The generalized spin ladder with diagonal couplings.

2 The extended spin ladder model

Now we consider a general spin ladder model

H =
N∑

i=1

[Jt S1
i · S1

i+1 + Jb S2
i · S2

i+1]

+
N∑

i=1

[Jd1 Sl
i · S2

i+1 + Jd2 S2
i · S1

i+1]

+
N∑

i=1

J⊥ S1
i · S2

i (1)

where the superscripts 1, 2 denote the index of the top and
bottom legs and the subscript i is the site index on each
leg; Jt and Jb are strengths of the NN exchanges along the
top and bottom leg, respectively; Jd1 and Jd2 are strengths
of the diagonal exchanges which induce frustration; and
J⊥ is the strength of the perpendicular exchange across
rungs, as shown in Figure 1. The symmetric model with
Jt = Jb and Jd1 = Jd2 has been investigated by Bose and
Gayen [21]. We restrict our attention to the case with all
strengths of the exchanges Jt, Jb, Jd1 , Jd2 ≥ 0.

In strong coupling limit J⊥ → ∞, spins on each rung
would form a singlet (spin dimer). In the opposite limit
J⊥ → −∞, the model corresponds to a spin-1 model. The
completely dimerized state composed of a product of rung
dimers

ΦD =
∏

i

[1, 2]i, (2)

is a natural choice of the ground state of the system in the
limit of J⊥ → ∞. Here, [1, 2]i = ([↑]1i [↓]2i − [↓]1i [↑]2i )/

√
2 is

the dimer across the ith rung. In general, when inter-rung
exchanges are included, ΦD is not an exact eigenstate of
the system due to quantum fluctuation effects. However,
if the constraint

Jt + Jb = Jd1 + Jd2 , (3)

is concerned, the interplay of inter-rung exchanges cancels
out the quantum fluctuation completely and makes ΦD be
an eigenstate. This could be easily checked by using the
relation

S1,2
j · (S1

i + S2
i )[1, 2]i = 0. (4)

It is convenient to introduce a projection operator P
which projects a state composed of three 1/2 spins, say,
S1, S2, and S3, into the subspace with total spin 3

2 ,

P[S1,S2,S3] =
1
3

[
(S1 + S2 + S3)

2 − 3
4

]
· (5)

Here, for convenience, we distinguish four projection op-
erators composed of spins in four different triangles

P1(S1
i ) = P

[
S2

i ,S
1
i ,S

1
i+1

]
, (6)

P2(S1
i ) = P

[
S1

i−1,S
1
i ,S

2
i

]
, (7)

P3(S1
i ) = P

[
S1

i ,S
2
i ,S

2
i+1

]
, (8)

P4(S1
i ) = P

[
S2

i−1,S
2
i ,S

1
i

]
. (9)

In terms of these projection operators, we can represent
our ladder model as

H =
N∑

i=1

{
3
2
[
J1P1(S1

i ) + J2P2(S1
i ) + J3P3(S1

i )

+J4P4(S1
i )
]− 3

4
(J1 + J2 + J3 + J4)

}
, (10)

where J1, J2, J3 and J4 are non-negative coupling con-
stants. Hamiltonians (10) and (1) are exactly equivalent
by enforcing

J⊥ = J1 + J2 + J3 + J4 (11)
Jt = J1 + J2 (12)
Jb = J3 + J4 (13)
Jd1 = J2 + J3 (14)
Jd2 = J1 + J4 . (15)

As long as the coefficients in equation (10) are non-
negative, the Hamiltonian is a linear combination of pos-
itive semidefinite operators. Since the eigenvalue of the
projector P is either 0 or 1, the ground state of Hamilto-
nian (10) is such a state that each projection operator has
the lowest eigenvalue of 0 when operating on it. Therefore,
a state Φg fulfilled P1,2,3,4(Si)Φg = 0 for any i is necessar-
ily a ground state. It can be checked that ΦD given by (2)
is such a unique state and therefore the ground state of
Hamiltonian (10) with ground state energy

Eg = −3
4
NJ⊥. (16)

From equations (11–15), we can see that the general-
ized spin ladder model has exactly the dimer ground state
in a wide restricted parameter regime. We would like to
list several special cases: (i) for Jt = Jb and Jd1 = Jd1 ,
the model reduces to the Bose-Gayen model [21]; (ii) if we
take Jd1 = 0 or Jd2 = 0, the model is just the asymmetric
ladder model with degenerate dimer ground [18,19] which
interpolates the well-known M-G model [16] and the saw-
tooth model [17]. The M-G model and sawtooth model
correspond to Jt = Jb and Jt = 0 (or Jb = 0) respectively.
In the case of (ii), the dimerized state ΦD given by (2)
is not the unique ground state. There is another degener-
ate ground state composed of the product of dimers along
the diagonal direction [18,19]. A general family of models
with biquadratic exchange terms has been studied in ref-
erence [23] by Kolezhuk and Mikeska, however it should
be noticed that the Bose-Gayen model and our generalized
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model are not included in their model. For the case with-
out biquadratic exchange terms, all the cited spin ladder
models [16–21], which have a product of singlet bonds on
the rungs as their exact ground states, are included in our
extended model.

3 Transition to Haldane phase

It is obvious that the dimerized state ΦD is still the ground
state if J⊥ > Jt+Jb. For J⊥ < Jt+Jb, ΦD is an eigenstate
of the system, however, it may not be the ground state.
It is expected that there exists such a critical value of Jc

that the system has a Haldane type ground state when J⊥
is smaller than Jc.

To discuss the transition from dimer phase to Haldane
phase, it is instructive to represent the spin Hamiltonian
in Hubbard operators defined as Xαβ

i ≡ |αi〉〈βi| [4,24,25].
Here states |αi〉 span the Hilbert space of the ith rung and
are given by

|0〉 = (| ↑, ↓〉 − | ↓, ↑〉)/
√

2,
|1〉 = | ↑, ↑〉
|2〉 = (| ↑, ↓〉 + | ↓, ↑〉)/√2,
|3〉 = | ↓, ↓〉· (17)

The first state denotes a singlet and the latter three states
compose the triplet. Using the orthogonal properties of the
states, 〈αj |βj〉 = δαβ , we can easily prove that Xαβ

i obey
pseudo-spin algebra, [Xαβ

i , Xγη
j ] = [Xαη

i δβγ −Xγβ
i δαη]δij .

Furthermore, we can simplify the Hamiltonian through
defining operator Ti as

T z
i = X11

i −X33
i ,

T+
i =

√
2(X12

i +X23
i ),

T−
i =

√
2(X21

i +X32
i ), (18)

which satisfy the SU(2) algebra, [T+, T−] = 2T z and
[T z, T±] = ±T±, and are just spin-1 operators [25]. For
convenience, we would like to introduce operator Yi by

Y z
i = X20

i +X02
i ,

Y +
i =

√
2(X03

i −X10
i ),

Y −
i =

√
2(X30

i −X01
i ) (19)

which do not satisfy the SU(2) algebra and are introduced
only for writing simplification. With these notations, equa-
tion (1) with constraint (3) can be represented as

H =
N∑

i=1

(−J⊥X00
i + J ′Ti ·Ti+1

)
(20)

+
N∑

i=1

δ1 (Ti ·Yi+1 + Yi · Ti+1) (21)

+
N∑

i=1

δ2 (Ti ·Yi+1 − Yi · Ti+1) (22)

where J ′ = (Jt + Jb)/2, δ1 = (Jt − Jb)/2 and δ2 =
(Jd2−Jd1)/2. Here, we have shifted the above Hamiltonian
a constant JN/4 in comparison with equation (10). In
the form of Hubbard operators, it is clear that operators
X00

i and Ti are nonzero only when they are operating
on the singlet and triplet state of the ith rung respec-
tively, however, operators Yi make the translation take
place between the singlet and triplet. In the symmetrical
case, where Jt = Jb = Jd1 = Jd2 [21,25], no terms in-
cluding Yi exist, the ground state of the system is either
a dimer phase or a Haldane phase [25] depending on the
value of J⊥/J ′.

One can analytically estimate the ground state energy
of the Haldane phase by taking the trial ground wavefunc-
tion |ψ0〉 as the type of MP variational wavefunction [7]
given by

|ψ0〉 = Tr


 L∏

j=1

⊗gj


 , (23)

where gj has the following matrix form

gj =

(
a|2j〉 −a√2|1j〉

a
√

2|3j〉 −a|2j〉

)
(24)

with a = 1/
√

3. The wavefunction is rotationally invari-
ant in the spin 1 space and is the exact ground state of
the AKLT model [2]. Following the standard method of
Klümper et al., one can get the variational ground energy
of H0 := H |δ1,2=0 basing on the MP variational wavefunc-
tion, which is

Eg = −4
3
J ′. (25)

This result coincides well with the numerical result of
Eg = −1.401J ′ by the density matrix renormalization
group (DMRG) method [26]. The ground state of the sym-
metric ladder model is therefore products of either singlets
or triplets with ground energy [25]

Eg

N
=

{−J⊥ if J⊥ > Jc

−Jc if J⊥ < Jc

(26)

where the transition exchange Jc, which takes 4/3J ′ for
the variational result or 1.401J ′ for the result of DMRG,
is determined by the ground energy of spin-1 chain.

For the asymmetric ladder with Jt �= Jb or Jd1 �= Jd2 ,
we must consider the term,H1 =

∑N
i=1(δ1h

δ1
i,i+1+δ2h

δ2
i,i+1)

with hδ1
i,i+1 = Ti · Yi+1 + Yi · Ti+1 and hδ2

i,i+1 = Ti ·
Yi+1 − Yi · Ti+1. For small δ1 and δ2, we can treat H1

as a perturbation to H0. It is obvious that H1 gives zero
when acting on the singlet ground state. However, it will
transform some triplets to singlets when applying it on the
variational ground wavefunction (23). We can calculate its
correction to the ground state energy by the perturbation
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method. Firstly we examine the first order perturbation

E1 = 〈ψ0|H1|ψ0〉

= δ1

N∑
i=1

〈ψ0|ψ1
i (δ1)〉 + δ2

N∑
i=1

〈ψ0|ψ1
i (δ2)〉, (27)

where |ψ1
i (δ1,2)〉 = h

δ1,2
i,i+1|ψ0〉 can be explicitly ex-

pressed as

|ψ1
i (δ1,2)〉 = Tr


 i∏

j=1

⊗gj M
δ1,2
i,i+1

N∏
k=i+1

⊗gk


 , (28)

with

M
δ1,2
i,i+1 = h

δ1,2
i,i+1(gi ⊗ gi+1). (29)

It follows that the first order perturbation gives zero,
E1 = 0. This is consistent with the analysis directly from
the symmetry consideration. The physical properties of
the ladder model (1) should not be affected by exchang-
ing Jt and Jb (Jd1 and Jd2), therefore only the even order
corrections are available. The second order perturbation
E2 is calculated via

E2 = −
〈
ψ0

∣∣∣∣H1
1

H0 − E0
H1

∣∣∣∣ψ0

〉
· (30)

After some straightforward calculation, we have

E2/N =
1
2
(δ12 + δ2

2). (31)

4 Spin net model

Now we can easily generalize the spin ladder model to
a net model. We consider a double-layer model defined
in two dimensions, where each layer has N ×M sites and
couples to another layer through inter-layer exchanges Jd1 ,
Jd2 and J⊥. The intra-layer exchanges Jt and Jb on each
layer may be different. The Hamiltonian of the net model
shown in Figure 2 is given by

Hnet =
N,M∑
i,j=1

Jt(S1
i,j · S1

i,j+1 + S1
i,j · S1

i+1,j)

+
N,M∑
i,j=1

Jb(S2
i,j · S2

i,j+1 + S2
i,j · S2

i+1,j)

+
N,M∑
i,j=1

Jd1

(
S1

i,j · S2
i,j+1 + S1

i,j · S2
i+1,j

)

+
N,M∑
i,j=1

Jd2

(
S2

i,j · S1
i,j+1 + S2

i,j · S1
i+1,j

)

+
N,M∑
i,j=1

J⊥S1
i,j · S2

i,j . (32)

Fig. 2. The generalized spin net model.

Here the superscripts α = 1, 2 denote labels of the top
and bottom layers. J⊥ is the perpendicular inter-layer ex-
change and Jd1,2 are the diagonal inter-layer exchanges.
Periodic boundary is assumed, which is equivalent to tak-
ing M+1 = 1 andN+1 = 1. A special case of this double-
layer model has been investigated in reference [27], where
the net model is a direct generalization of the Bose-Gayren
ladder model.

It is clear that every slice of the double-layer net is
just a ladder which has the same form of Hamiltonian (1).
Thus, we find that the ground state of the net model is
given by products of all perpendicular singlet pairs

ΦD =
M,N∏
i,j=1

1√
2

(
[↑]1i,j[↓]2i,j − [↓]1i,j [↑]2i,j

)
(33)

when condition (3) and

J⊥ = 2(Jt + Jb) (34)

are satisfied. We notice that the value of J⊥ is double of
that of the spin ladder, which comes from the case that
two ladders cross at the perpendicular bond. More rig-
orous proof can be made directly from representing the
net model as a sum of projection operators as in the spin
ladder case. Certainly, the product of singlet is still the
ground state for J⊥ > 2(Jt + Jb).

Furthermore, we can even generalize the net model to
the case including next-next-nearest-neighboring (NNNN)
couplings. As shown in Figure 3, the Hamiltonian includ-
ing intra-layer diagonal exchanges and inter-layer NNNN
diagonal exchanges can be written as

H =
N,M∑
i,j=1

J ′
t(S

1
i,j · S1

i+1,j+1 + S1
i,j · S1

i−1,j+1)

+
N,M∑
i,j=1

J ′
b(S

2
i,j · S2

i+1,j+1 + S2
i,j · S2

i−1,j+1)

+
N,M∑
i,j=1

J ′
d1

(
S1

i,j · S2
i+1,j+1 + S1

i,j · S2
i−1,j+1

)

+
N,M∑
i,j=1

J ′
d2

(
S2

i,j · S1
i+1,j+1 + S2

i,j · S1
i−1,j+1

)
+Hnet, (35)
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Fig. 3. The spin net model corresponding to equation (35).

where Hnet is the Hamiltonian given by equation (32),
J ′

t, J ′
b, J

′
d1

and J ′
d2

denote the top and bottom intra-layer
diagonal exchanges and the inter-layer NNNN diagonal
exchanges respectively.

This Hamiltonian can also be represented as a sum of
positive semidefinite projected operators as long as equa-
tion (3) and the constraints

J ′
t + J ′

b = J ′
d1

+ J ′
d2
, (36)

J⊥ = 2(Jt + Jb + J ′
t + J ′

b) (37)

are satisfied. Thus it is easy to prove that its ground state
is exactly given by equation (33).

Similar to the spin ladder model, a quantum phase
transition is expected to appear when the strength of the
vertical exchange J⊥ goes down to a critical value. This is
more clear by representing the spin net model in Hubbard
operators as

Hnet =
N,M∑
i,j=1

[−J⊥X00
i,j + J ′Ti,j · (Ti+1,j + Ti,j+1)

]
(38)

+
N,M∑
i,j=1

[(δ1 + δ2)Ti,j · (Yi+1,j + Yi,j+1)

+(δ1 − δ2)Yi,j · (Ti−1,j + Ti,j−1)] (39)

where J⊥ = 2(Jt + Jb), J ′ and δ1,2 are same with those in
the ladder model. In the symmetric case with δ1,2 = 0,
there are no terms of transforming singlet and triplet.
Therefore, when J⊥ > Jc, the ground state of the spin
net model is completely a dimerized ground state. Here,
Jc is determined by the ground state of a square-lattice
spin-1 model [28]. Comparing with the known numeri-
cal result [28], we have Jc = 2.332J ′. For J⊥ < Jc the
spin net model, which is equivalent to the square-lattice
spin-1 model, has an ordered ground state with long-range
Néel order and the spin gap also vanishes. Therefore, a
disorder-order phase transition appears with decreasing
the strength of the exchange J⊥. Like the spin ladder
model, this transition is also a first-order transition.

For the asymmetric model we need consider δ1,2 term.
When the system is in the dimerized ground state, δ1,2

term has no effect on the ground state, however, it brings

correction to the ordered ground state with the Néel order.
For small δ1,2 we find that this term will not destroy the
long range order and it can be taken as a perturbation of
the spin-1 model.

5 Conclusion

In summary, we investigate a generalized spin ladder
model with NN and NNN spin couplings. By representing
the spin ladder model as a sum of a series of projection
operators, we exactly prove that the generalized ladder
model has the dimer ground state in a wide parameter
region. Furthermore, we generalize the model to two di-
mension and propose two double-layer models with exact
dimer ground states. We also study the quantum phase
transition induced by changing the vertical coupling pa-
rameter J⊥.

We are grateful to Prof. H. Büttner for helpful discussions.
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